Classical nonlinear canonical (Poisson) maps have a distinguished role in quantum mechanics. They act unitarily on the quantum phase space and generateh-independent quantum canonical maps as dictated by the classical covariance. A crucial observation made is that under the classical covariance the local quantum mechanical picture can become nonlocal in the coordinate space. This nonlocal picture is made equivalent by the Weyl map to a full noncommutative picture in the phase space formulation of the theory. That the results may have direct implications for theories of noncommutative coordinates is briefly discussed.
A. Introduction
Recently increased activity in noncommutative (field and gauge) theories 1 and the natural observation of noncommutative spatial coordinates in string physics 2 arose a flurry of interest in a certain nonstandard extension of the quantum mechanics within this noncommutative picture. 3 In these theories the fundamental entity, the field, acquires an operator character by its dependence on the noncommutative coordinates (NCC). The NCC can arise in certain physical limits of a quantum theory. Recently, Bigatti and Susskind 4 have suggested the quantum model in two space dimensions of a charged particle in the plane interacting with a perpendicular magnetic field in the limit the field strength goes to infinity to observe noncommutativity in the plane coordinates. Considering that the noncommutative gauge theories are related to the ordinary ones by certain transformations 2 it is reasonable to check whether more general results can be obtained on the nature of the interrelationship and the possibility of invertible transformations between the noncommutative and the ordinary formalisms. For instance, in the case of gauge theories the ordinary and the noncommutative theories are related by a gauge equivalence preserving map reminiscent of a contact transformation between the fields and the gauge parameters vice versa. 2 On the other hand, the phase space is spanned by the generalized coordinates and the formulation of quantum mechanics in the phase space explicitly has features of noncommutativity. This can be used as a natural testing ground to understand whether more general transformations can be found between the ordinary and noncommutative pictures. In our context here the noncommutative generalized coordinates (NCGC)ẑ = (ẑ 1 ,ẑ 2 ) are the generalized momentum and position operators respectively satisfying [ẑ j ,ẑ k ] = iθ j k where j, k = (1, 2) and the noncommutativity parameter is θ j k =h J j k with J j k describing the symplectic matrix 0 1 −1 0 .
The equivalence of the one dimensional phase space to the two dimensional noncommutative geometry approach is already known. The generalization of the ideas presented here to noncommutative geometries may therefore be direct. For instance, in the case of Landau model this equivalence was shown in Ref. [5] . More recently it was proposed that there is an interesting connection between the quantum Hall effect and the noncommutative matrix models. 6, 7 The noncommutative picture can be invertibly converted into a bilocal coordinate picture by the Weyl map. Once a bilocal representation is obtained the (non)separability of these representations becomes a crucial property. When the BLC dependence is separable the corresponding noncommutative picture reduces to the standard (Schrödinger) picture. On the other hand, the nonseparability of the dependence on the bilocal coordinates requires a full phase space formalism (which may not be reducible to a pure coordinate or momentum representation as in the standard Schrödinger picture). This full treatment of the noncommutative phase space and the corresponding nonlocal function space suggest an extended frame above the standard formulation of quantum mechanics. The purpose of this letter is to explore this extended quantum mechanical picture. The details of the connections with the noncommutative field theory will be kept outside the main scope. In section B the basic connections between the BLC and the phase space representations are established by the Weyl map and the question of the separability versus nonseparability in the BLC picture is studied. It is shown that the separable bilocal solutions are actually local and they can be fitted in the standard Schrödinger picture. The nonlocal solutions arise from the nonseparable bilocal coordinate dependence and they fit in the extended picture. In section C, it is shown that under the action of the standard linear Hilbert space operators the separable and the nonseparable functions are disjoint. In section D we examine the phase space approach in this extended quantum mechanical picture. By reaching beyond the standard Hilbert space operator methods, we find distinguished unitary isomorphisms (canonical maps) joining the separable and the nonseparable function spaces. These isomorphisms are shown to be induced by the classical canonical (Poisson) maps. In section E we illustrate the results in a chart and examine their further implications within quantum mechanics as well as the field theories on noncommutative spaces.
B. The extended quantum mechanical picture
The ordinary quantum mechanics is the sector of the field theory supporting a single degree of freedom. We adopt an operator-like approach in this description 8, 9 that will be referred to as the waveoperator. The waveoperator is a complex functional of the NCGC which will be denoted byρ = ρ(ẑ). In this representation quantum mechanics is formulated by extremizing the action
with respect to some coordinate space description ρ(y, x) = y|ρ|x . HereĤ is a Hamiltonian operator in the Hilbert space and T r stands for the trace in the position basis |x (i.e. z 2 |x = x|x ). Throughout the paper, the waveoperator is time dependent although we will not write it explicitly. Evaluating the action by considering the trace in this position basis, and minimizing it with respect to ρ * (x, y) = y|ρ|x we obtain
where ρ(y, x) will be referred to as the wavefunction in bilocal coordinates y, x (BLC). Similarly h(y, u) = y|H|u is the Hamiltonian in BLC. Eq. (2) will be referred as the bilocal Schrödinger equation. Note that, (2) does not have unique solutions. The nonuniqueness arises from the indeterminacy in the x dependence. An obvious case in the BLC dependence in (2) is when one assumes a separable solution, e.g. ρ(y, x) = ψ 1 (y) ψ 2 (x) where both ψ k , k = 1, 2 have finite norm 10 . Here ψ 2 (x) must be time independent. Inserting this in (2) one obtains the standard Schrödinger equation for ψ 1 whereas since ψ 2 is time independent, it appears as a multiplicative function on both sides. In order to reach beyond this standard representation the nonseparable solutions of (2) in terms of the BLC, e.g. ρ(y, x) = ψ 1 (y) ψ 2 (x) are of interest. The separable and nonseparable solutions can be connected to each other by certain types of canonical maps. This can be best understood if we use the Weyl map 11 to transform ρ(y, x) into a functionρ(z) where z = (z 1 , z 2 ) are the generalized coordinates in some noncommutative space Z ⋆ . Note that throughout the paper a generic dependence on (z 1 , z 2 ) will be denoted by z and functions of z will be hatted with a tilde. Also particularly in this work, z 1 , z 2 describe the phase space coordinates, e.g. the generalized canonical coordinate and momentum respectively. The standard approach to the phase space quantum mechanics is to use the Weyl correspondence which is an analytic and invertible map from an arbitrary Hilbert space operatorÔ to a functionõ(z) in Z ⋆ . This correspondence will be denoted by W :Ô ↔õ(z). Since a Hilbert space operator can also be represented by a bilocal function asÔ ↔ y|Ô|x = o(y, x), the combination of these two is also a well-defined (Weyl) map W : o(y, x) ↔õ(z). The Weyl map is explicitly given by
Here
) is the invertible Weyl kernel. Theõ(z) is the standard Weyl symbol ofÔ in the phase space Z ⋆ . In this context, o andõ are two different representations of the Hilbert space operatorÔ. We therefore have the following triangle diagramÔ
Note that W is a well defined map by itself between a bilocal function o(y, x) and the functionõ(z). It can exist as a transformation independently from W, a fact which we exploit later in sections D.3 and D.5. The noncommutativity of the coordinates in Z ⋆ is encoded in the associative ⋆-product which is implicit in (3). The ⋆-product is best described by the Weyl map
with the arrows indicating the direction that the partial derivatives act. The measure of the noncommutativity ofõ 1 andõ 2 in Z ⋆ is provided by the Moyal bracket (MB)
. We now consider forÔ the waveoperatorρ. Then, o(y, x) andõ(z) correspond to ρ(y, x) andρ(z) respectively. Using (3) the Weyl map of (2) is found to be
Hereh is the Weyl map of the bilocal Hamiltonian h in (2). We refer to Eq. (6) as the ⋆-Schrödinger equation which is basically an operator relation manifested by the waveoperator interpretation [Note that ifρ described the standard quantum mechanical density operator, the right hand side of (6) would not be given by a single ⋆-product but by a MB instead. Hence (6) would be the Moyal equation for the density operator ih ∂ tρ = {h,ρ} (M ) ]. Ifρ is an existing solution of (6), a new solution can be obtained by ⋆-multiplying that equation from the right by time independent functionξ(z). The new solution is then represented byρ(z) ⋆ zξ (z). This is a manifestation in the Z ⋆ space of the degeneracy in the solutions of (2). In the separable case, Eq. (6) has also a specific physical realization in terms of the generalized Wigner function. Consider the caseρ = |φ E χ| where E labels some basis states |φ E which are the eigen solutions of the Schrödinger equation with some Hamiltonian and |χ is a time independent state under the same Hamiltonian. In this separable form ρ(y, x) = φ E (y) χ * (x) is an eigen solution of (2) and theρ(z) is the corresponding eigen solution of (6) which, by the application of (3), is given bỹ
This is the generalized Wigner function defined in Ref. [12] . If the basis states |φ E are the energy eigen basis of the HamiltonianĤ with energy E then (7) is the eigen solution of Eq. (6).
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Here ρ(y, x) = φ E (y) χ * (x) is manifestly separable by choice, where the local solution is indicated by φ E (y). In order to explore beyond the ordinary local representations we must find the nonseparable solutions of (2).
C. Separability and the Hilbert space operators
We look for connections between the local and the nonlocal representations of ρ(y, x). Hence the relevant question is changing the separability of ρ(y, x). Within the standard quantum mechanics the answer is simple. Consider the unitary Hilbert space operatorΩ acting onρ asΩ
Suppose that we start from a separable case in (8) 
. Likewise, the invertibility ofΩ ensures that, the nonseparable ρ(y, x) is transformed into a nonseparable ρ ′ (y, x). Therefore Eq. (8) is a simple proof that the separable and the nonseparable BLC representations are disjoint within the reach of standard unitary transformationΩ. Our discussion here should give us the clue that in reaching for the nonseparable solutions one needs to go beyond the standard Hilbert space operator representations. In the next section an extended view of the unitary (canonical) transformations in Z ⋆ will be given.
D. An extended view of quantum canonical maps
One alternative way to look into the unitary transformations is by canonical maps in Z ⋆ . Considerẑ j andẐ j as the old and the new NCGC. A canonical map, in the operator picture, is given byΩ :ẑ j →Ẑ j = Z j (ẑ 1 ,ẑ 2 ) , (j = 1, 2) such that the canonical commutation relations are preservedΩ
The corresponding relations in Z ⋆ can be obtained by the Weyl transform and are based on the canonical MB, where the latter is defined by
. The canonical MB is basis independent [see Eq. (21) below] whereas a general MB is not. Because of this, we will choose the z basis in expressing the ⋆ products and MBs, hence ⋆ = ⋆ z as given by (5) . Here Z j = Z j (z 1 , z 2 ) , j = 1, 2 are the Weyl symbols of the new NCGĈ Z j . In the following two different types of canonical maps will be examined as classical and quantum. These two types are distinguished by their covariance properties when they act on the functions of z. We refer to Ref. [15] for a detailed comparative study of the classical and the quantum cases.
Classically covariant canonical maps Ω Z : type I
Since we are dealing with the classical case, a necessity now arises to differentiate the classical commutative space Z from the noncommutative one Z ⋆ . The commutativity in Z is induced by the productõ 1 (z)õ 2 (z) =õ 2 (z)õ 1 (z) as opposed to the noncommutative one in Z ⋆ as expressed in (5) . However there are also common features. For instance, a square integrable function in Z ⋆ is also square integrable in Z due to the integral property of the ⋆-product
. This allows us to refer to the functions of z without referring to the underlying commutative or noncommutative space. The representations of the operators, however, generally differ due to the different covariance properties of them in Z or Z ⋆ . With this in mind, we assume that an infinitesimal generator G(z) of the canonical map exists generating the first order infinitesimal changes in the functionõ(z), i.e.õ →õ + δõ, by the Poisson Bracket (PB). This is given by the classical textbook formula, δõ(z) = ǫ {G,õ} (P ) where a general PB is given between two such functionsõ 1 andõ 2 by {õ 1 ,õ 2 } (P ) ≡ J j k (∂ z jõ 1 ) (∂ z kõ 2 ). According to the standard phase space analytical mechanics, G is transformed into a Hamiltonian vector field as X G = J j k (∂ z j G) (∂ z k ) which generates the same infinitesimal change by the Lie bracket δõ(z) = ǫ [X G ,õ] = ǫ (X Gõ −õ X G ). The classical canonical maps Ω Z we consider here are finite transformations in Z obtained by exponentiating the classical Hamiltonian vector fields as
The finite action of Ω Z on the functions of z is given by
which can be shown to have the manifest property
where Z = Ω Z : z. Another way of writing (12) is
which will be a useful relation to facilitate the comparison with the quantum case. Eq's (10-13) are well-known results that can be found in the books on Lie algebraic techniques in analytical mechanics. 14 In (13) the square brackets indicate that there are no other operators to the left or right acted upon by the expressions inside and the primes denote the transformed functions of z. This notation will be used throughout the paper. We note that Eq. (13) defines the classical covariance as used in the context of this work. 15 The action of the canonical map Ω Z on the Poisson Bracket (PB) can also be defined similarly. Denoting the latter by {õ 1 ,õ 2 } (P ) ≡ J j k (∂ z jõ 1 ) (∂ z kõ 2 ), the classical covariance implies
2. ⋆-covariant canonical maps Ω Z⋆ :type II Consider a unitary operatorΩ = e iǫĜ with ǫ ∈ R andĜ is Hermitian.Ω acts on the operator O asΩ
In analogy with the classical case,Ĝ above is the generator of the quantum canonical maps in the Hilbert space. We describe the Weyl symbol ofΩ by ω Z⋆ (z) and its adjointΩ † by ω * Z⋆ (z). Such a map is given by the commuting diagram
It was shown 15, 16 that ω Z⋆ acts on functions of z as
The canonical map ω Z⋆ is the analog for the quantum maps of Ω Z . We actually gained an advantage in the search for the methods to reach beyond the Hilbert space operator approaches by formulating the canonical maps in Z ⋆ . The reason is that the quantum canonical maps can, in general, be handled in the phase space Z ⋆ in a similar way to the classical case in Z and this can be done in a totally independent way from the Hilbert space operator methods. Namely, the operator connections induced by the Weyl correspondence W can be totally and consistently ignored in (16) . We now proceed to discuss the phase space covariance in Eq. (17). If we use two such functionsõ 1 andõ 2 , Eq. (17) implies that
Eq. (18) is to be regarded as the extended version of the classical covariance in (13) . In the context of this work it will be referred to as the ⋆-covariance 15 . Also note that, if we denote the canonical map in Z ⋆ by ω Z⋆ : z j → Z j , Eq. (18) implies violation of the classical covariance, e.g. [ω Z⋆ :õ](z) =õ(Z). Comparing (13) and (18) we note that Ω Z in (13) preserves the commutativity of the standard product between the functionsõ 1 and õ 2 whereas for Ω Z⋆ in (18) the noncommutativity by ⋆-product is invariant. The MB is therefore transformed by ω Z⋆ as
At the limith → 0 the classical and star covariances coincide.
3.h-independent canonical maps:
A particular subgroup of canonical maps in types I and II is distinguished by its double representations. This is the subgroup ofh-independent canonical maps. These maps have unitary representations both in Z and Z ⋆ which may be crucial for a unified understanding of the classical and quantum phase spaces.
In what follows, we pay specific attention to this subgroup and derive some of its properties. Consider a canonically conjugated pair
where both the old z k and the new Z k canonical variables are assumed to be independent ofh. Expanding the MB in θ j k =h J j k we have
where the first term is the Poisson Bracket (PB)
Since we assumed that Z j 's have no dependence onh, by equating (20) to iθ j k and matching the powers of θ we deduce that the O(θ 3 ) and higher order terms in (20) must all vanish. The nonvanishing part of (20) is
which means that {Z j , Z k } (P ) z = J j k . This is the condition for the pair Z 1 , Z 2 to be classically canonical. We learn that anyh independent quantum canonical map ω Z⋆ : z j → Z j in (20) implies (21). Therefore such maps are also canonical in the Poisson sense. We will refer to them type I as well. The corollary of this result is that anh independent quantum canonical pair can also be obtained by an appropriate Ω Z . Now, we consider a secondh-independent map Ω ′ Z . By definition it acts classically on the canonical MB as
where z ′ = Ω ′ Z : z. In (22) the second line is obtained by the classical covariance of the Poisson bracket in (14) . The third line is an application of (13) . The last line is the statement of the invariance of the canonical MB underh-independent canonical maps which is a corollary of (21). Therefore classically covariant [see (13) ] canonical maps define anh-independent automorphism on the canonical MB. That this result is correct only for canonical pairs and not for arbitrary functions of z is the essence of the ⋆-covariance. In the literature, it almost goes without saying that all quantum canonical maps fall in type II. As we have seen above, type I maps also preserve the canonical MB although their action is truly different from that of type II. Therefore the space of canonical maps in Z ⋆ is actually a union of type I and II maps which is referred to as the extended quantum phase space.
Nonseparability and type-I maps
In the standard quantum mechanics, the canonical transformations of type II have integral transforms. Denoting by φ(x) some local Hilbert space function, a typical mapΩ on φ(x) is expressed by
In the rest of this letter, we will be interested in examining similar integral transforms adopted for the bilocal representations and for canonical maps of type I. For separable cases these bilocal transforms reduce to the direct products of the integral transforms like in (23) of which an example is given below from the linear canonical group. Denoting by Ω Z a generic type I map, its action can be written as
withõ ′ (z) = (Ω Z :õ)(z) =õ(Z) as dictated by (13) . Using the inverse of (3) we convert (24) into an integral transform between the old and the new functions of BLC as
with the integral kernel
In Eq. (26) the classical covariance in (13) implies that Ω Z : (25) is the bilocal extension of (23). We now examine the separability of the general canonical map in (25) by three general examples. a) Linear canonical group Ω (a) Z = Λ g ∈ Sp 2 (R) acts on the phase space as
where det g = 1 and g −1 : z = Z is the transformed coordinate. It is known that the linear canonical group is the only group of transformations for which the classical (type I) and ⋆-covariances (type II) coincide. Based on this fact we already expect (27) not to have an effect on the separability. Nevertheless, the explicit calculation is illustrative. Using the inverse of the Weyl kernel in (3) we map the transformed and initial solutions by calculating the kernel in (26) for Λ g as
Here L g is the kernel of the map Λ g . As expected it is manifestly separable, i.e.
Therefore the transformed solution is separable when o(y, x) = ψ 1 (y) ψ 2 (x) and nonseparable when o(y, x) is nonseparable. In the first case both dependences on the coordinates are transformed separately and identically as
where each square bracket is an integral transform of type II as in (23). b) As the second kind of type I maps we consider
where it is crucial that the functions A j 's areh independent. The free and real parameter τ j is either momentum, (τ 1 = τ, τ 2 = 0) or coordinate-like (τ 1 = 0, τ 2 = τ ). Two or higher dimensional versions of (31) are normally referred to as the gauge transformations (not considered here). Here we consider a momentum-like map (τ 1 = τ = 0, τ 2 = 0). Using (31) in (3) one finds
where x − = (x − y) and x + = (x + y)/2. Due to the exponential factor the transformation kernel in (32) is, for general cases, manifestly nonseparable. Exception is when A(x + ) ∝ α + β x + , with α, β constant, in which case the exponential separates. c) As the last general example of canonical maps we examine the classical change of variables
or 1 ↔ 2 on both sides. Here T (z 1 ) describes an invertible andh-independent function. Using (33) in (3) one finds canonical maps in an extended quantum phase space. Under the action of the standard type II maps the local or the nonlocal property of the representations is unchanged. Whereas the type I maps transform the local (standard), nonlocal and the noncommutative (phase space) representation to each other. This result can be illustrated in Fig.1 below. In the view of this figure, the standard representations are specific cases of, and can be obtained from, the bilocal ones at one end and the phase space representations at the other. The bilocal and the phase space representations are connected by a W map which is not shown there. The second case that one can obtain from the bilocal ones is the nonlocal (nonseparable in BLC) representations. These are connected to the noncommutative picture of the phase space representations by the same Weyl map that connects the general bilocal and the phase space ones. Each (local and nonlocal) representation is an independent automorphism created by the type II maps. The type I maps join these otherwise disjoint representations. Note that, in the context of this work, the figure above resulted from a quantum mechanical analysis. One trivial extension is to carry out the analysis in N coordinate (2 N phase space) dimensions. More interestingly, it has also implications for the field theories on noncommutative spaces. In particular, the field equations in such theories are reminiscent of the ⋆-Schrödinger equation in (6) with the nonlinear field interactions added. The representations of these theories in the noncommutative space Z ⋆ as well as in the BLC can be fitted manifestly in the context of Fig.1 . The separability of the noncommutative fields of particular field theories under the type I maps may therefore be an interesting direction for further research. 
